One of the most important goals in quantum thermodynamics is to demonstrate advantages of thermodynamic protocols over their classical counterparts. For that, it is necessary to (i) develop theoretical tools and experimental set-ups to deal with quantum coherence in thermodynamic contexts, and to (ii) elucidate which properties are genuinely quantum in a thermodynamic process. In this short review, we discuss proposals to define and measure work fluctuations that allow to capture quantum interference phenomena. We also discuss fundamental limitations arising due to measurement back-action, as well as connections between work distributions and quantum contextuality. We hope the different results summarised here motivate further research on the role of quantum phenomena in thermodynamics.
One of the most important goals in quantum thermodynamics is to demonstrate advantages of thermodynamic protocols over their classical counterparts. For that, it is necessary to (i) develop theoretical tools and experimental set-ups to deal with quantum coherence in thermodynamic contexts, and to (ii) elucidate which properties are genuinely quantum in a thermodynamic process. In this short review, we discuss proposals to define and measure work fluctuations that allow to capture quantum interference phenomena. We also discuss fundamental limitations arising due to measurement back-action, as well as connections between work distributions and quantum contextuality. We hope the different results summarised here motivate further research on the role of quantum phenomena in thermodynamics.
The aim of this short review is to discuss different proposals and definitions of fluctuating work in quantum systems, particularly in the presence of a superposition of energies in the initial state. This is an exciting topic that has recently received a lot of attention in the community of quantum thermodynamics [1, 2] . One can identify different motivations behind this research line:
1. Fluctuations are of the same order of magnitude as average quantities in microscopic systems [3] . As a consequence, the standard laws of thermodynamics, which are formulated for average quantities, are not enough to characterise the thermodynamics of nano-scale systems [4] [5] [6] [7] .
2. Fluctuations can be of an intrinsic nature in quantum systems, since due to quantum coherence there are states of maximal knowledge (pure states) for which our ability to predict the outcome of an energy measurement is very limited. As we are mostly concerned with energy considerations, we use the term "quantum coherence" to express that a quantum state is in a superposition of different energy eigenstates (a "coherent state", not to be confused with the standard notion from quantum optics).
3. Recent results suggest that quantum coherence and entanglement play a role in several thermodynamic tasks, such as heat engines [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and work extraction [18] [19] [20] [21] [22] [23] , in some cases leading to potential enhancements [23] [24] [25] [26] [27] [28] [29] [30] .
It turns out, however, that even the definition of fluctuating work (and similarly heat) in the presence of quantum coherence is a challenging task. Roughly speaking, this is because thermodynamic quantities, such as heat and work, are associated to a process, rather than to a single time event. Hence, in order to deal with fluctuations, one wishes to build a stochastic theory for processes. In classical physics, this can be naturally done by identifying trajectories in phase space. However, given a quantum evolution in time, there is no unique notion of a quantum trajectory. A quantum trajectory can be built by measuring the system at different times. Nevertheless, the measurement of an observable affects the statistics of non-commuting observables one may need to access later [31] . The goal of this short review is to elaborate more on these subtle points, and to discuss some proposals that give different insights into the notion of quantum work. We are concerned with questions like: What is work in the quantum regime? Can we define and measure fluctuations in processes with quantum interference? Can the quantum measurement back-action be reduced? Let us start by giving a bit of context to these questions.
In classical systems, fluctuations of thermodynamic quantities have been studied extensively, leading to seminal results in the form of Fluctuation Theorems (FTs) (see e.g. [32] for a review). First attempts to extend FTs to the quantum regime were based on the identification of work as an observable (i.e. a Hermitian operator) [33] [34] [35] [36] [37] [38] [39] [40] , leading to corrections to the standard FTs. It was later recognized that the standard FTs could be obtained by defining fluctuating work as the difference between the outcomes of two projective energy measurements (TPM) [4, 5, [41] [42] [43] [44] [45] [46] . The TPM scheme gives a clear operational and physical meaning to work, is applicable to both closed and open systems [47] , has been implemented in different experimental set-ups [48] [49] [50] [51] , and one can define a natural correspondence with the classical definition of work [52, 53] . This makes the TPM scheme a standard definition of fluctuating work in quantum systems nowadays.
Despite its great success, recently several authors have pointed out limitations of the TPM scheme, especially when applied to initial coherent states [54] [55] [56] [57] [58] . Some of the most relevant ones are:
1. Projective energy measurements are difficult to implement in certain experimental set-ups. This has motivated alternative measurements of work based on noisy energy measurements [59, 60] .
2. The quantum non-equilibrium free energy [61] can be additively decomposed into an incoherent and a coherent contribution [62, 63 ]. An energy measurement sets the coherent contribution to zero, hence changing the non-equilibrium properties, e.g. decreasing the maximal average amount of extractable work (see Appendix).
3. More generally, the TPM scheme is invasive and can perturb the state it acts upon. In particular, the first energy measurement projects the initial state onto the energy eigenbasis, thus destroying possible off-diagonal terms. This prevents the possibility of capturing purely coherent evolutions, i.e., interference effects due to the initial coherence in the state.
It is important to note that these limitations affect only states with coherence, and that similar limitations appear in other measurement schemes; after all, all quantum measurements are invasive in some way, have a thermodynamic cost, and quantum systems are challenging to prepare, control and measure. At the same time, one hopes that complementary proposals for measuring work can capture new aspects and provide new insights in out-of-equilibrium situations. For example, recent proposals study the possibility of using weak measurements to define quantum trajectories [60, 64, 65] .
In this review we focus on point 3., and discuss alternative proposals for defining and measuring work associated with purely coherent evolutions. These include Gaussian measurements [66] [67] [68] , weak measurements and quasiprobabilities [54, 55, 69, 70] , collective measurements [58] and Bohmian work [71] . We discuss specific proposals in the light of a recent no-go theorem that sets fundamental limitations on the possibility to design (non-invasive) work measurements [58] , as well as connections between work distributions and quantum contextuality [72] . We use these no-go results as classification tools. Finally, we briefly discuss the possibility of defining (fluctuating) work by the state of an external system that acts as a work repository, which has been put forward in resource-theoretic approaches to thermodynamics [73] [74] [75] [76] (see also Ref. [29] for an implementation of a heat engine with a work repository).
CLASSICAL WORK
We start by briefly discussing the notion of fluctuating work in classical systems. Given the microscopic state of the system z = (q, p), i.e., its position and momentum, the energy is defined to be the value that the Hamiltonian H(z, t) takes for this state at time t. The work done on a system evolving under Hamilton's equations can then be defined 1 as the power integrated along the trajectory z t followed by the system from time t = 0 to t = τ , i.e.,
where z τ and z 0 are the system's final and initial state, respectively. Hence, under closed ( Hamiltonian) dynamics, the work is just the total change in the energy. The work distribution is then defined to be
where p(z 0 ) is the initial distribution of position and momentum. This distribution is well-defined at all intermediate times of the evolution.
Finally, in order to account for possible degeneracies in the work values w (ij) , the work probability distribution is constructed as
Note the close analogy with the classical definitions (1) and (2) . Note also that this scheme becomes invasive when [ρ, H] = 0 and [H, U † H ′ U ] = 0. In this case, the statistics collected from the measurement of H ′ at time t = τ does not return the same statistics one would have obtained if H was not measured at time t = 0. In particular, w w p(w|P TPM ) in general is not equal to the average energy change induced by U on ρ.
LIMITATIONS, NO-GO THEOREMS, AND CONTEXTUALITY
In this section, we describe a no-go result from Ref. [58] which sets fundamental limitations on the possibility to design (non-invasive) work measurements. Rather than focusing on a particular approach, the idea is to consider an arbitrary measurement scheme P to measure the amount of work necessary to perform U , and then show that three general requirements cannot be simultaneously satisfied. Later, this result will serve as a basis to classify different approaches to measure quantum work.
The three requirements put forward in Ref. [58] read:
1. The first requirement can be imposed in two equivalent ways (see Appendix A of Ref. [58] ):
(a) p(w|P) is a linear probability distribution. This corresponds to the assumption that p(w|P) is a probability distribution p(w|P) > 0, p(w|P) = 1, linear under mixtures of ρ. Linearity is defined as: Let P i , with i = 0, 1, 2, be protocols differing only by the initial state ρ i . Then, if
. This corresponds to the natural requirement that, if we condition the choice of the protocol on a coin toss, the measured fluctuations are simply the convex combination of those observed in the individual protocols. (b) There exists a Positive-Operator-Valued Measure (POVM), i.e., a set of positive operators {Π w }, dependent on H, H ′ and U but not ρ, that satisfy p(w|P) = Tr(ρΠ w ) and w Π w = I.
To understand the relation between (a) and (b), note that if (b) is not satisfied, then one can apply different measurements to ρ 1 , ρ 2 and λρ 1 + (1 − λ)ρ 2 ; so that the corresponding work distribution will not in general be convex. For a formal proof of their equivalence, we refer the reader to the first section of the Supplemental Material of Ref. [58] .
2. Agreement with the TPM scheme for non-coherent states. The second requirement is based on the assumption that the TPM scheme yields the correct statistics for diagonal states, i.e.
This condition is motivated by the success of the TPM scheme in describing work fluctuations for diagonal states, in particular in fluctuation theorems, and by results concerning the recovery of the classical limit [52] .
3. Average energy changes are respected by the measurement process. Finally, we demand that the average energy change predicted by P equals the average energy change induced by U on ρ:
Note that this is imposed for all states, including coherent states. With this requirement, we are essentially demanding that the measurement back action is small, so that average work is not modified by the measurement scheme used to build the work probability distribution. Eq. (7) can be understood as the first law of thermodynamics, when applied to an isolated system undergoing the evolution U .
Note that in a general protocol P the values of work w in p(w|P) do not need to correspond to w (ij) of Eq. (4) and can be possibly continuous. We have Theorem 1 ([58] No-go for P) There exists no protocol P satisfying 1, 2 and 3 for all ρ, U , H, H ′ .
This result shows the inherent difficulty to construct a universal scheme to measure work applicable to all processes and states, including coherent ones. The TPM scheme, for example, satisfies assumptions 1 and 2, but 3 is satisfied only if [ρ, H] = 0 and/or [H, U H ′ U † ] = 0. It also suggests that the subtleties of quantum work fluctuations cannot be captured by a single measurement scheme (or definition), but rather different measurement schemes reveal different aspects of quantum work. In the next section, we discuss different approaches to the measurement of work fluctuations from the perspective of this no-go result, but before we discuss its relation with quantum contextuality.
Relation to contextuality
A different angle from which we can investigate general protocols P is in terms of the measurement statistics they can generate. The core question is the following: can the statistics collected by the thermodynamic experiment at hand be reproduced through a classical mechanism?
There are different ways of defining what we mean by classical mechanism. Clearly, the more liberal this notion, the higher the bar that we are setting to call a phenomenon non-classical. For example, one may call non-classical any system whose state is in a superposition of some preferred eigenstates (e.g., position or energy) or any entangled state -notions, however, not independent of quantum theory. Another choice would be to call non-classical any phenomenon that is not explained by classical mechanics and the classical theory of radiation. Here, we take a much more liberal approach and define non-classical any phenomenology that cannot be explained within a non-contextual model.
Non-contextuality is a notion of classically dating back to the famous no-go theorem of Kochen and Specker [77, 78] , and used in recent years to identify the origin of quantum advantages in certain models of computation [79] [80] [81] . Here we use a rather broad notion of contextuality due to Spekkens [82] . Before we give a precise claim, this is in summary the relation between contextuality and Theorem 1 [72] :
• A protocol P that reproduces the TPM scheme for diagonal states (assumption 2 holds) can probe non-contextuality only if p(w|P) is a quasi-probability or lacks convexity (assumption 1 is violated).
• There exists a weak measurement protocol satisfying assumptions 2 and 3, with p(w|P) linear in ρ, such that p(w|P) < 0 for some w is sufficient to prove contextuality.
The first point is a rephrasing of Theorem 1, and clarifies the role quasi-probabilities play within fluctuation theorems. The second point will be discussed together with alternative proposals later in the text.
Schematically, an experiment boils down to a set of instructions telling us how to set up the system, i.e. a preparation procedure P , and a set of instructions telling us how to implement a measurement on the system, i.e. a measurement procedure M . The measurement procedure M returns outcomes k when performed after the preparation procedure P , so that the experiment collects the statistics p(k|P, M ).
Two preparation procedures P and P ′ may be indistinguishable in terms of the statistics they produce, in the sense that p(k|P, M ) = p(k|P ′ , M ) for every M and k. We denote this fact by P ∼ P ′ . Similarly, two measurement procedures M and M ′ are indistinguishable when p(k|P, M ) = p(k|P, M ′ ) for every k and every preparation procedure P , a fact that we denote by M ∼ M ′ . The observed statistics p(k|P, M ) is explained by positing the existence of an underlying set of physical states λ, drawn from a set Λ and such that
• Every time we follow the instructions P , we sample Λ according to a distribution p(λ|P );
• Every time we measure according to M , the device returns outcome k with probability p(k|M, λ)
if the physical state is λ.
The observed statistics is explained as p(k|P, M ) = λ∈Λ p(λ|P )p(k|M, λ). Such a model is called an ontological model or a hidden variable model. Most famously, certain statistics are incompatible with the assumption that λ behaves locally [83] . Non-contextuality, instead, is defined as follows:
In other words, non-contextuality posits that the reason why certain preparations and measurements cannot be operationally distinguished is that they are the same at the ontological level. While both locality and non-contextuality hold in any classical theory, it is known that they are violated by quantum experiments. Given these definitions, Theorem 1 gives:
Assume no degeneracies. Any protocol P satisfying 1 and 2 admits a non-contextual ontological model for the preparation of ρ and the measurement of p(w|P).
This can be seen as a corollary of Theorem 1; in fact, Theorem 1 is proven by showing that assumptions 1 and 2 imply that the POVM {Π w } must be the TPM POVM, and the latter is easily seen to admit a non-contextual model. This result leads us naturally to review alternative proposals in which p(w|P) is a work quasi-probability distribution or lacks linearity.
DEFINITIONS AND MEASUREMENTS OF QUANTUM WORK FLUCTUATIONS
In this section, we discuss several proposals for definitions of fluctuating work (some of them based on explicit measurement schemes) beyond the standard TPM scheme. There are protocols that define work probabilities (condition 1 is satisfied). As imposed by Theorem 1, either the average work does not match the average energy change of the unperturbed process, or the distribution disagrees with the TPM one for diagonal states. Some protocols provide nice tradeoffs between these two extremes. Another class of protocols does not satisfy assumption 1, either because they lead to a probability distribution that is non-linear or because they yield quasi-probabilities. These can satisfy both conditions 2 and 3, and Corollary 2 suggests some of them may be linked to contextuality. To give an overview, the different approaches described below are summarized in Table I , where one can see which of the conditions are satisfied in each case.
Operator of work
The operator of work was one of the first ways proposed to define quantum work fluctuations [33] [34] [35] [36] [37] [38] [39] [40] . The basic idea is to take as a starting point Eq. (7), write the right hand side as Tr(ρ(U † H ′ U − H)), and define the work operator asŴ
Approach Condition 1 Condition 2 Condition 3 TPM [4, 5, [41] [42] [43] [44] [45] [46] Operator of work [33] [34] [35] [36] [37] [38] [39] [40] Gaussian measurements [66] [67] [68] Full-Counting statistics [55, 84, 85] Post-selection schemes [72, 86] Weak values quasi-probability [54, [86] [87] [88] [89] Consistent Histories [88, 90, 91] Quantum Hamilton-Jacobi [71] POVM depending on the initial state [92] TABLE I. This table summarizes the different approaches described in the following section except for the collective measurement, where the no-go result needs to be adapted.
corresponds to "satisfied" and to "not satisfied". The list also includes families of protocols in which either one of two conditions is satisfied in a specific limit, with the family interpolating between the two ( → ). We denote this situation simply with two . We can see that there is no approach satisfying all three conditions, as anticipated by Theorem 1.
This operator is Hermitian, and hence can be diagonalised asŴ = iw i Π i . The eigenvaluesw i are then identified with work values, and the corresponding probability reads Tr(ρΠ i ). One then defines
By definition, the operator of work satisfies both conditions 1 and 3. However, it fails to satisfy condition 2. This is easy to see, e.g., just note that the work valuesw i do not correspond to energy differences of the form E ′ j − E i , where E i , E ′ j are eigenvalues of H and H ′ , respectively. In fact, while the operator of work is formally and operationally well defined, the interpretation of its fluctuations as work fluctuations is problematic. To illustrate this, suppose thatŴ has a zero eigenvalue and consider the corresponding eigenstate |ψ withŴ |ψ = 0 as an initial state ρ = |ψ ψ|. One can still have
for some m > 2 and U . In other words, the energy distribution of the state can vary (implying some energy exchange) even if p OW (w) = 0 for w = 0, i.e. even if there are no fluctuations according to the operator of work [93] .
Gaussian measurement
To explore other schemes, it is important to investigate more carefully the role of the measurement apparatus. Many proposals interpolate between a regime in which the system interacts strongly with the measurement device, recovering the TPM distribution, and one in which the interaction is minimally invasive [66] [67] [68] .
In Refs. [66] [67] [68] , the projective measurements of the TPM scheme are replaced by a von Neumann measurement scheme in which the Hamiltonian is coupled to the position of a pointer state, also called a "work meter" (see Ref. [94] for more details). The pointer is taken to be a one-dimensional continuous system with conjugate variables X and P , in the simplest case a pure Gaussian state initially prepared with X = P = 0 and trivial covariance between X and P . A measurement is described by the interaction V = e igH⊗P (with g the effective interaction strength), followed by a projective measurement of the position X of the pointer. Each outcome x defines a corresponding POVM element M x on the system, corresponding to a more or less invasive measurement depending on g and the initial spread of the pointer. Since V shifts the pointer position by gE i , upon observing outcome M x one can make the unbiased estimate of the system energy E = x/g. The scheme then consists of: von Neumann interaction V = e igH⊗P ; unitary evolution U on the system; von Neumann interaction V ′ = e −igH ′ ⊗P with the same pointer; measurement of X on the pointer, which defines a work probability distribution p(w) = p(gx) (an alternative scheme adds a position measurement after the first system-pointer interaction [68] ).
This protocol satisfies condition 2 only in the strong-measurement limit, when g is large/the pointer distribution is sharp; in this limit, the final measurement destroys all information about the coherences in the initial state (which can be seen by direct calculation of the distribution in Ref. [66] ) and, in fact, p(w) coincides with the TPM distribution (see Ref. [94] for a similar discussion). For general coupling strength and a diagonal input, the work distribution p(w) is a convolution of a Gaussian (whose width depends on the width of the pointer) and the TPM distribution (Eq. 37 of Ref. [68] ), i.e., essentially a "smeared" version of the TPM distribution. Conversely, in the weak-measurement limit (where g is small/the pointer distribution is broad), the back action is suppressed and condition 3 is satisfied (eq. 47 of Ref. [68] ); however, condition 2 is not. Furthermore, in this regime work fluctuations diverge as the measurement is completely imprecise [68] . We see Theorem 1 in action in the mutual incompatibility between 3 and 2, given 1.
Full Counting Statistics
The above considerations lead to a different class of proposals. For general states and in the weak measurement limit, p(w) is a convolution of a Gaussian and a function q(w), i.e. a "smeared" version of q(w) (eq. 55 of Ref. [68] ):
where δ(x − y) = 0 unless x = y, in which case it equals 1. The characteristic function of q(w) can be accessed by the same scheme described for p(w), with the difference one measures the relative phase accumulated by momentum eigenstates of the pointer rather than its position (an approach known as Full Counting Statistics, see Ref. [55, 84, 85] ). This approach is rooted in the Keldysh formalism and, ultimately, in the idea of assigning a joint distribution to non-commuting observables [70] . q(w) has several interesting properties, and in Ref. [84] it was proposed as a work quasi-probability. In general, q(w) equals the TPM distribution plus corrections that depend on the coherence of the initial state and are zero otherwise (Eq. 57 of Ref. [68] ). Hence, for diagonal states q(w) equals the TPM distribution and condition 2 is satisfied. Furthermore, q(w) satisfies condition 3. As we know from Theorem 1, condition 1 cannot hold. Hence, since q(w) is linear, it must be a work quasi-probability. Further considerations on this scheme can be found in Ref. [69] , and see also Ref. [85] for discussions on the role of coherence.
Post-selection and Weak values
Another proposal to assign a joint distribution to H and U † H ′ U can be obtained from a modification of the scheme described for p(w). Specifically, one can define a work quasi-probability as the weak value of |E k E k | with pre-selection ρ and post-selection |E ′ m , where w = E ′ m − E k [86] . Given a pure Gaussian pointer state with spread s, the scheme is as follows: 1) the first pointer interaction is V k = e ig|E k E k |⊗P ; 2) Measurement of X on the pointer, which defines a POVM M (k) x on the system; 3) unitary evolution U on the system; 4) Projective measurement of H ′ on the system. For more details see Ref. [72] , Supplemental Material Sec. B. Consider now the probability p(E TPM of Eq. (4) (note in this limit the intuition of the quantity X |E ′ m as a conditional probability for the initial energy being k given that the final energy is m:
returns the Margenau-Hill work quasi-probability p MH (k, m):
where Re(x) takes the real part of x. One then defines p MH (w) :
. This was first put forward as a work quasi-probability by Allahverdyan [54] , and from the above scheme one can recognize it as the (generalized) weak value [86, 87] 
can also be derived from a consistent histories approach [88] and can be understood as an "optimal" estimate of the initial energy given the observation of the final energy and the knowledge of the initial state [89] . The marginals of p MH correspond to the energy distributions of H and U † H ′ U on ρ, so condition 3 is satisfied. p MH also coincides with the TPM distribution for diagonal states, hence it satisfies condition 2. By Theorem 1, condition 1 cannot hold, and indeed p MH can become negative [54] . Finally, note that since the variance of X diverges in the weak measurement limit, this scheme requires repeated measurements on a large number of copies of ρ. Furthermore, the interaction unitary V k has to be changed to access p MH (w) for various values of w.
Hamilton-Jacobi equation
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Corollary 2 tells us that among the family of distributions satisfying condition 2, negativity or more precisely the failure of condition 1 is a prerequisite to witness contextuality. Is it also sufficient? For the work quasi-probability p MH (w), the following theorem gives a positive answer to this question: The theorem clarifies that negative values of the work quasi-probability p MH are proofs of contextuality and hence witness non-classicality. This is due to the fact that these negative values are a generalisation of the so-called anomalous weak values, and the latter are known to be proofs of contextuality [95] . It is an open question if other work quasi-probabilities are associated to proofs of contextuality. Finally, we note that anomalous weak values have also been connected to violations of Leggett-Garg inequalities [55, [96] [97] [98] .
Consistent Histories
Recently, Miller and Anders [88] proposed a time-reversal symmetric work distribution based on the Consistent Histories (CH) interpretation of quantum mechanics [90, 91] . In this approach, work is associated with the histories of the power operator in Heisenberg picture X H (t) ≡ U † (t)∂ t H(t)U (t), where recall that H(t) is the Hamiltonian of the system at time t and U (t) is the evolution operator from time 0 to t. The Hilbert space is taken to be finite of dimension d. Time is discretized into a grid of K+1 equally spaced points {0, t 1 , . . . , t j , . . . , t K } and at each time point the spectral decomposition of
is used to build a trajectory n = (x n0 , . . . , x nj , . . . , x nK ). Here, {P
is a complete set of orthonormal projectors decomposing X H (t j ), with the corresponding eigenvalues
. Each trajectory n is associated with a class operator C n = ← T K j=0 P j nj which defines the trajectory quasi-probability p n ≡ Tr{(C † n + C n )ρ}/2, where ρ is the initial state and ← T is the timeordering operator, arranging the terms from right to left with increasing time. The work for a given trajectory n is then defined to be w n = K−1 j=1 x (j) nj ∆t, where ∆t is the time step of the grid. Finally, the work quasi-probability p CH (w) is given by grouping the trajectories into histories, such that, p CH (w) = Tr{(C † w + C w )ρ}/2, where C w = n C n δ(w − w n ) and δ(x − y) is equal to one if x = y and zero otherwise.
The distribution respects the average energy change of the unperturbed process (requirement 3) but, in general, does not agree with the TPM scheme for initial diagonal states. In addition, the work distribution admits a notion of time-reversal symmetry, namely it respectsp CH (w) = p CH (−w), wherep CH (w) is the "time-reversed work distribution", constructed from the time-reversed process. Unitary processes are time-symmetric and it may be argued that the work distribution should reflect this symmetry [88] . In the present case,p CH (w) is described by reversing the trajectory n, which leads to the time-reversed class operatorC w = C † −w . It then follows thatp CH (−w) = p CH (w). As a final remark, in the continuous limit K → +∞, we have that w w k p CH (w) = Tr(ρŴ k ) whereŴ is the work operator. However, note that p CH (w) and p OW (w) can be very different, as p CH (w) is in general a quasi-probability distribution and it is non-zero over a different set of w [88] .
Hamilton-Jacobi equation
Consider a pure state ψ(q, t) = R (ψ) (q, t)e iS (ψ) (q,t)/ . Another alternative [71] is based on the HamiltonJacobi formulation of the Schrödinger equation, namely,
where S (ψ) (q, t)/ ∈ R is the overall phase of the state ψ,
is the probability density, j (ψ) (q, t) ≡ ρ (ψ) ∇S (ψ) /m is the probability current density and Q (ψ) ≡ POVM depending on the initial state Quantum Thermodynamics book
is the so-called quantum potential. Since Eq. (11) is an Hamilton-Jacobi equation, one identifies the energy as E (ψ) (q, t) ≡ −∂ t S (ψ) (q, t). One can formally construct a Hamiltonian function H (ψ) (q, p, t) = p 2 /2m + V (q, t) + Q (ψ) (q, t) that generates the flow lines in phase spaceq = ∂ p H anḋ p = −∂ q H. Thus, Eqs. (11) and (12) describe the evolution of a statistical ensemble of point particles in phase, which is closely connected to the Bohmian [99, 100] or Pilot-Wave [101] interpretations of quantum mechanics. A notable difference from the classical case is the single-valuedness of the S function and that all quantities are fully determined in configuration space, since the momentum of a particle at position q in a state ψ(q, t) is fixed to be p (ψ) (q, t). In other words, while in classical mechanics the state is completely determined by specifying position and momentum, in Bohmian mechanics, the state is specified by the position and wave function. A detailed description can be found in textbooks, e.g., Refs. [102, 103] .
For unitary evolution, work can then be defined in a manner fully analogous to the classical case (see Introduction), namely,
. If the system is initially prepared in a state ψ, the work distribution is simply
If the system is explicitly prepared in a statistical mixture of pure states
N j=1 p j = 1, the work distribution is just the convex sum of the individual distribution, i.e., P (W ) = N j=1 p j P (W ; ψ j ). The work distribution is positive and respects the average energy change of the unperturbed process (requirement 3). Agreement with the TPM scheme is verified when the measurement steps do not affect the state significantly, see Ref. [71] for details. The main conceptual difference from the previous approaches, apart from the phase-space description, is that it is defined for wave functions rather than density operators. As a consequence, the work is explicitly dependent on the way the system is physically prepared or measured, that is, on the experimental details of the implementation of the protocol. In Ref. [71] an example is given for which different statistical mixtures of pure states corresponding to the same density operator give rise to different work distributions. These are experimentally accessible via weak measurement schemes [104] [105] [106] [107] [108] if a decomposition is explicitly selected, e.g. by a corresponding measurement that separates ρ into pure state components, as also discussed in Ref. [38] . If the system is initially entangled with other degrees of freedom, then the work distribution can be experimentally accessed only through measurements on the overall pure state, which might not be known if all the empirically accessible information is that of the reduced density operator. Nonetheless, one may still define a coarse-grained work based on the available information, but this falls outside the scope of this review. Similarly to other approaches not satisfying condition 2, it is an interesting open question how and if one can recover the appropriate classical limit.
Although quantitatively different, this approach shares many qualitative similarities to a "subensemble" approach, as proposed in Ref. [38] . There, the initial state described by a density operator ρ is first split into pure states ensembles {|ψ α ψ α |} N α=1 , with probabilities {λ α } N α=1 , such that ρ = N α=1 λ α |ψ α ψ α |. The fluctuating work is taken to be the change in the energy expectation value for each element of the sub-ensemble. Similar properties include, e.g., positive work distribution, average work equal to unperturbed average energy change (condition 3), ensemble dependence and non-convexity under mixtures of ρ. The main difference is that from the Hamilton-Jacobi perspective the individual states |ψ α ψ α | are treated as representing another sub-ensemble of point-particles trajectories. From this perspective, the sub-ensemble approach can be viewed as a coarse-graining of the Hamilton-Jacobi approach.
POVM depending on the initial state
Another logical possibility is to look at measurement schemes that depend on the initial state. We have seen before that the two-projective-measurement scheme (TPM) does not satisfy condition 3 on nondiagonal states. This is because the TPM scheme projects onto the basis of the Hamiltonian and thereby destroys all coherence, so that the state to which the unitary is applied is not the initial one. However, if the initial state is known, one can always determine the basis in which it is diagonal and conduct a projective measurement onto that basis. Then, no coherence is destroyed during the first measurement and a probability distribution that satisfies both conditions 2 and 3 can be obtained. However, the dependence on the initial state directly violates condition 1, in accordance to Theorem 1. In particular, the resulting probability distribution is not convex. We note that this kind of measurement schemes have been formally considered to obtain general fluctuation theorems [92] ; however, when the initial ρ does not commute with the Hamiltonian the physical meaning of the statistics becomes unclear [92] . In particular, there is no clear recipe to assign an energy or work cost to a transition between two pure states that are in coherent superpositions of energies.
Collective measurements
Another approach, aiming at reducing the measurement back-action of the TPM scheme, is to apply a collective measurement on N copies of the state, each of them undergoing the same unitary evolution. This possibility has been considered in Ref. [58] . Since the measurement acts on N copies, it is convex on the whole state ρ ⊗N , but it is not anymore convex at the local level of ρ. For global measurements, one can naturally adapt the conditions of the no-go theorem as [58] 2. Agreement with the TPM scheme for non-coherent states. The N -copies protocol recovers the single-copy TPM scheme for diagonal states, i.e., Tr(ρ
3. Average energy changes are respected by the measurement process. The N -copies average energy change equals the single-copy average energy change induced by U on ρ:
It was shown in Ref. [58] that it is still impossible to satisfy these weaker requirements simultaneously. That is, even when considering global measurements, there is an intrinsic back-action in measurements of quantum work. Nevertheless, global measurements allow for improvements, in the sense that one can design measurements on ρ ⊗N that satisfy 1. and 2. exactly, and lead to an average energy that is closer to satisfying Eq. (13) as compared to the single-copy case. In particular, the following collective measurement scheme on two copies of the state has been suggested in [58] :
where
is the off-diagonal part of T j in the basis of H, and λ ∈ [0, 1] is a parameter that can depend on the specific U [58] . The M (ij) λ are POVM elements acting on two copies of the state, so that P
) is the probability assigned to the work cost w (ij) as given in (4). This collective measurement scheme has some appealing properties:
• It satisfies conditions 1. and 2. exactly. The first condition is satisfied by noting that (14) are POVM elements, and the second one follows from Tr(ρ diag T off−diag j ) = 0.
• The second term of (14) brings information about the purely coherent part of the evolution, hence extending the standard TPM scheme to partly describe coherent evolutions.
• The global measurement (14) can be expressed as two independent measurements on each copy of ρ, specifically a projective energy measurement on the first copy, and a non-projective measurement on the second copy that depends on U . By measuring each copy separately, one before and one after the evolution, the measurement back-action can be reduced.
These properties make collective measurements an interesting possibility to extend the TPM scheme to capture some of the subtle effects of coherent evolutions. Notably, the collective measurement (14) has been recently implemented experimentally in a photonic set-up [109] . In the classical limit N → ∞ one can get arbitrarily close to satisfying all requirements; in fact, taking H N = i H (i) /N (X (i) denotes X in the Hilbert space of particle i and identity elsewhere) and
in other words, since all average observables commute in the asymptotic limit, and since Tr(U ρU
, noncommutativity becomes increasingly irrelevant: the TPM scheme satisfies all three assumptions arbitrarily well in the limit. However, this does not solve the issue for the thermodynamics of a small number of quantum systems.
Beyond work distributions
A new promising approach developed a fully quantised version of the protocols described above [73, 75] . Specifically, one can treat the work reservoir as a quantum system, rather than assume a classical external system. Furthermore, one can explicitly model a switch responsible for the change in the system Hamiltonian from H to H ′ (the overall Hamiltonian is time independent, but the switch induces an effective time-dependent Hamiltonian on the system). One can then impose that the overall dynamics is unitary and conserves energy. In this way the work reservoir, as well as providing the energy necessary for the transformation, also behaves as a quantum probe for the system dynamics.
For states that are initially thermal, fluctuation-like theorems can then be written for the quantum channel induced on the work source, a quantum version of the standard theorems for p(w|P). These can be tested by process tomography. The standard fluctuation theorems are recovered by looking at the evolution of the diagonal part of the work reservoir, under an additional assumption, i.e. energy translation invariance of the dynamics of the work reservoir. This assumption captures the idea that only displacements in energy of the work reservoir should matter for the definition of work. A Jarzynski equality can be verified by a TPM scheme on the work reservoir, thanks to the decoupling of diagonal and off-diagonal dynamics of the work reservoir (which follows from overall energy conservation and the assumption that the initial state of the system is thermal). Further relations hold for the evolution of the off-diagonal elements of the work reservoir. These results, and an extension to arbitrary initial states described through conditional fluctuation theorems [75] , may provide a new avenue to the study of work fluctuations for coherent initial states. For further information, see also [76] .
OUTLOOK
The standard approach to measure work fluctuations, consisting of two projective energy measurements (TPM) before and after the evolution, becomes invasive when the initial state is coherent. This prevents the possibility of capturing interference effects arising due to the coherence in the initial state. This observation has motivated several proposals for measurements (or definitions) of work beyond the standard TPM scheme [54, 55, 58, 68-73, 75, 88] . The goal of this short review has been to put together these works in order to gain a global perspective of the topic.
As discussed in Ref. [58] , the three desiderata (1) Convexity and existence of a work probability distribution, (2) Recovery of the TPM work distribution for non coherent input states, (3) Respecting the identification of average work as average energy change in the unitary process, are mutually incompatible. Furthermore, (1) and (2) alone are incompatible with the possibility of witnessing contextuality [72] , a distinctive property of quantum phenomena that has been connected to quantum advantages in the realm of computation [79, 80] . Here, we have used these impossibility results to understand and classify the different definitions of work fluctuations in coherent evolutions, even though we also mentioned some notable proposals that are not captured within this framework [73, 75] .
The first conclusion one can draw is that while classically there is a single definition of work for closed system evolutions, there are multiple relevant definitions of work for quantum systems (as also discussed in Ref. [94] ). Rather than focusing on the question of what is the quantum work, our view is that the relevant questions should be more pragmatic. For a given scheme, what information is encoded in the corresponding work (quasi) probability distribution? What results exist connecting the features of such quantum work distribution to the underlying properties of the quantum process? Can the obtained statistics be simulated in classical systems (see Refs. [72, 97, 110] )? If they cannot, can this lead to any genuine quantum advantage in thermodynamic tasks? Finally, can one construct fluctuation theorems for out-of-equilibrium coherent states (see [54, 69, 75] for first attempts) and, more importantly, what is their physical meaning? We hope the results discussed here provide a solid starting point to address these questions, and motivate further research in this direction.
While many partial results appeared in the literature pointing at potential quantum advantages [23] [24] [25] [26] [27] [28] [29] 111] , proving a clear-cut departure from the classical world view is a necessary condition to identify any truly quantum advantage. What do we mean here by "truly"? We mean an advantage proved under very weak modelling assumptions, such as locality in Bell inequalities [112] or certain operational equivalences for contextuality [113] . This allows to pinpoint genuine quantum phenomena through a rigorous no-go theorem, as apparently quantum behaviours can often be reproduced by classical models, also in thermodynamic contexts [15] .
While showing that a phenomenon defies classical explanations in a broad sense is a necessary condition for any truly quantum advantage, it is by no means sufficient. Here, quantum work distributions could provide a useful bridge, since on the one hand they may be related to thermodynamically relevant quantities, while on the other hand they may be associated to non-classicality proofs [55, 72, 97, 98] . It is in this role of probes of the behaviour of quantum systems that quantum work distributions may be most useful in helping us to identify a provable advantage of a thermodynamic protocol over its classical counterparts. Ultimately, this remains one of the most important questions posed by quantum thermodynamics.
Appendix: Loss in maximal amount of average extractable work due to energy measurement
The maximal average amount of work that can be extracted from a quantum system in state ρ with internal Hamiltonian H S and unitary operations on systems and a thermal bath at temperature T is
where τ = The result (15) can be inferred from, e.g., the derivations in [61, [114] [115] [116] . However, for clarity of the exposition, we present here a simple proof. Consider a bipartite system SB with an initial non-interacting Hamiltonian
prepared in a product state
with B a Gibbs state at inverse temperature β = (kT ) −1 :
Hence we can think of B as an auxiliary thermal state. Note that B is not necessarily a thermal bath, in the sense that it may not be macroscopic. We now consider a generic closed evolution in SB, which can always be described as a unitary operation U :
The average extracted work is given by the energy change on SB,
where we assumed that at the end of the interaction the final Hamiltonian is again H, and for the second equality we used S(ρ ′ SB ) = S(ρ SB ). For any bipartite system X SB with Hamiltonian H, denoting by X S/B = Tr B/S X SB , one has that the non-equilibrium free energy decomposes into local parts plus correlations: F (X SB , H) = F (X S , H S ) + F (X B , H B ) + kT I(X SB ),
where I(X SB ) = S(X S ) + S(X B ) − S(X SB ) is the mutual information (this can be verified by summing and subtracting the local entropies to the expression for F (X SB , H)). 
where we used F (ρ ′ B , H B ) − F (τ B , H B ) = kT S(γ B ||τ B ). As both I(·) and S(·||·) are non-negative quantities, we immediately obtain
Note that this expression only depends on the (initial and final) state of S and the temperature of B.
We can obtain a bound that is independent of the final state by adding and subtracting F (τ S , H S ) in Eq. (22) (where τ S = e −βHS /Tr(e −βHS )), which gives
Note again that all terms in the square parenthesis are non-negative, and each of them has an intuitive physical meaning: in order of appearance, the athermality of the final state of S (when ρ ′ S = τ S ), the correlations created between S and B, and the athermality of final state of B (when ρ ′ B = τ B ). With the above equality we finally obtain
The remaining interesting question is whether these bounds can be saturated: protocols that achieve (15) are constructed in [114] [115] [116] which, interestingly, require B to be of macroscopic size. We now move to the question of how energy measurements change Eq. (15), by making it unattainable. For simplicity of exposition, we will assume that H S is not degenerate. If one performs an energy measurement, one obtains a pure energy state E i with probability p i = E i |ρ|E i . Using Eq. (15), one can see that from state |E i one can extract a maximum amount of work equal to F (|E i ) − F (τ ) = E i + kT log Z (this can be understood as the conjunction of the unitary process that maps |E i into the ground state, extracting energy E i , followed by a protocol that extracts work kT log Z from the purity of the ground state). To complete the process one needs to reset the memory, implicitly used in the measurement, to its "blank state"; in the presence of a bath at temperature T , this requires an investment of kT H( p), where p is the distribution p i and H( p) = − i p i log p i is the Shannon entropy (this is known as Landauer erasure). Overall the protocol that extracts work after an energy measurement optimally achieves the average W meas (ρ) = i p i E i − kT H( p) + kT log Z. A direct calculation shows W meas = F (D(ρ)) − F (τ ), with D the dephasing operation D(ρ) = i p i |E i E i |. This implies
i.e. the energy measurement protocol optimally extracts an average amount of work equal to the maximum that can be extracted by first dephasing the state and then performing work extraction. This implies a loss W max (ρ) − W max (D(ρ)) = kT S(D(ρ)) − kT S(ρ) ≡ kT S(ρ||D(ρ)) := kT A(ρ), (27) proportional to a quantity A(ρ) called asymmetry or relative entropy of coherence, which is a measure of quantum coherence in the eigenbasis of H S . Note that A(ρ) > 0 if and only if ρ = D(ρ). The above reasoning shows that protocols based on energy measurements cannot reach the optimal average work extraction, since they lose the possibility of extracting work from the coherence of the quantum state. This intuition can also be grounded in the non equilibrium free energy. As we discussed above, W max (ρ) = ∆F (ρ) := F (ρ) − F (τ ). Summing and subtracting ∆F (D(ρ)) = F (D(ρ)) − F (τ ) one obtains, using the definition of A(ρ), ∆F (ρ) = ∆F (D(ρ)) + kT A(ρ),
i.e. the non-equilibrium free energy neatly decomposes into a contribution coming from the diagonal part of the state and a contribution coming from coherence [62, 63] . As discussed above, W meas = ∆F (D(ρ)),
i.e. the diagonal non-equilibrium free energy captures the component that can be converted into work by the energy measurement protocol, whereas the coherent contribution is lost. One has ∆F (ρ) > ∆F (D(ρ)) whenever [ρ, H S ] = 0.
